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Abstract 



O !* We discuss the uncertainty relations in quantum mechanics on nocom- 

mutative plane. In particular, we show that, for a given state, at most 
one out of three basic nontrivial uncertainty relations can be saturated. 
We consider also in some detail the case of angular momentum eigen- 
^ ■ states. 

In recent years noncommutative field theories (NQFT) have become very 
popular, mainly due to their relation to string theory in nontrivial back- 
grounds JL| and M-theory compactifications . As in the commutative case, 
the low energy limit of NQFT single-particle sector can be taken which re- 
sults in noncommutative counterpart of one-particle quantum mechanics. 
There appeared many papers devoted to the study of various aspects of 
noncommutative quantum mechanics ||-[^!|. Their authors were mainly 



studying the spectra of hamiltonians describing particles moving on various 
noncommutative backgrounds. 

In the present letter we analyse some very simple aspects of noncommuta- 
tive quantum mechanics on the plane. Namely, we consider the uncertainty 
relations following from the basic commutation rules which define the theory. 
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In particular, we are interested in the states which saturate the uncertainty 
relations and show that, contrary to the commutative case, not all basic 
nontrivial relations can be saturated simultaneously Then we concentrate 
on eigenstates of angular momentum and find that while x-x relation can 
be saturated exactly, x-p ones — only with arbitrary good but not ideal 
accuracy. 

The noncommutative quantum mechanics (NCQM) on the plane is de- 
fined by the following set of commutation relations: 

[xi, Xj] = iOeijI (la) 
[xi,Pj] = ihS^I i,j = 1,2 (lb) 

\Pi,Pj]=Q] ( lc ) 

up to renumbering 1 «-» 2 one can assume 9 > 0. 

Algebra ([TJ) looks like a deformation of Heisenberg-Weyl algebra; however, 
both algebras are, in fact, equivalent: the substitution 

a ~ Q ~ 

X i = X i ~~ 2h e ijPj 

(2) 

P% = Pi 

transforms (0) into Heisenberg-Weyl algebra. The physical contents of both 
theories are, in general, different and depend on the interpretation of the 
relevant operators. 

The angular momentum operator L is defined as follows 

9 

L = eijXipj + -^ViVi (3) 

and obeys 

. X 'i j — % j X j 

(4) 

[L,pi] = iheijpj 
Finite rotations are represented by unitary operators 

_ _ , , iaL . . 

U(a) = e~ (5) 

Eqs. (Hj) imply 

U(a)( * )tf(a)=( C ° Sa -<**<*)( *A ( 6 ) 

V x 2 I \ sma cos a / V x% I 
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together with the similar rule for p's. 

Commutation rules ([!]) imply some uncertainty relations. Let us first 
remind the general scheme for such relations [23| (see also [21]). Given two 
selfadjoint operators A, B obeying 

[A,B] = iC (7) 

one can derive the following inequalities 

AAp-ABj, > -1(6)1,1 (8) 
for any normalized state ip; here 



AA^ = yJi^iA-iA)^) 2 !/}), etc. (9) 

Morover, (||) is saturated iff 

(A - (A)^I)ip = -i^B - (B)^ (10) 

for some 7 G R. Multiplying both sides of eq. ( [TOD by A — (A)^I and using 
again (|1(]) as well as the saturated version of (Bl) we obtain, provided 7^0, 



(AB)} = i<C>^ 

In general, the operators entering uncertainty realtions are unbounded so 
necessary assumptions concerning their domains should be made. 

Below we shall need yet another property: assume two selfadjoint opera- 
tors A and B commute to unit operator, [A, B] = id, c 7^ 0; then neither A 
nor B have normalizable eigenvectors (in their common invariant domain). 

Consider now the uncertainty relations implied by the commutation 
rules P): 

Ax x Ax 2 > -9 (12a) 
AxiApi > -H (12b) 
Ax 2 Ap 2 > -h (12c) 

We would like to know whether there exist states saturating the above in- 
equalities. In the "classical" (9 = 0) case there exist states saturating simul- 
taneously both ( |12b| ) and ( |12c|) ; these are famous coherent states. For 9 ^ 



situation is different. In fact we have the following theorem: 
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Theorem 1 For a given state ip at most one of the uncertainty relations ([IUfy 
can be saturated. 

Define Xi = Xi — (xi)^I, pi = pi — {pi)^I] then X{, pi satisfy the same algebra 
(|l|). Assume now that ip saturates both ( |12a| ) and (|12b| ). Then 

Xiifj = —ijx 2 ip 

(13) 

xiifj = —iSpiifj; 

note that both 7 7^ 0, 5 7^ 0; indeed, according to the remark made above ip 
cannot be an eigenvector (in particular — null eigenvector) of x\. Eqs. ( |13"|) 
imply 

(7^2 - <W = (14) 

Then, due to 

[7x2 - 6p 1 ,p 2 ] = ihjl, 77^0, (15) 

ip cannot be normalizable. This result is not very surprising: for 9 = the 
coherent states for x\, pi are dispersionless neither with respect to xi nor x 2 \ 
however, a priori it could happen that the states saturating ( |12aj ) and ( |12b| ) 
diverge in 9 — > limit. 

Assume in turn, that ( |12b|) and ( |12c|) are saturated for some ip, i.e. 



Xiip = -ijipiip, ji G M, i = l,2 (16) 
Multiply both sides by e^x, and sum over i, j 

9lp = 2j CijXjXi^ = r Yi£ji%jPi4> 
ij i,3 



(17) 



i.e. # = or -0 = 0. This concludes the proof of our theorem [1} 

We are often interested in eigenvectors of L, for example, the ground state 
of rotationally invariant hamiltonian is an eigenstate of L. Assume that ip is 
an eigenvector of L, 

Lip = Hlip (18) 

i.e. 

U(a)ip = e ila ip (19) 

We have the following 
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Theorem 2 If ip is an eigenvector of L then neither \12t\ ) nor l \12c\ ) are 
saturated. 

The proof is extremely simple. It follows from (|6]) and (|18|) that (ip,Xiip) = 
(U(Tr)ip,U(7r)xiip) = (U(n)ip,U(n)xiW(Tr)U(Tr)il>) = ty,U(n)x i W(n)'i/}) = 
—(i(),Xiip)] on the other hand, using £7(§) we find (ip,xfij}) = (i/j,x 2 i/j)] the 
same result holds for p's. Therefore (Axi)^ = (Ax 2 )v>> (Api)^ = (Ap 2 )^ and 
both ( |12b|) and ( |12c|) must be saturated simultaneously. This is, however, 
impossible by Theorem [!]. 

Although (|12a ) and (|12b|) cannot be saturated for eigenstates of L they 
can be satisfied with arbitrary accuracy. First, as we mentioned above, for 
eigenstates of L, (xi) = 0, (pi) = 0, (xl) = (x%), (p\) = (pf). Using (|2|) we 
have 

(xl) = ~(xl + x\) = \( K ^Pl+Pl) + (*? + - l L 

Take null eigenvector of L and assume it saturates both Axi ■ Ap x > f , 
Ax2 ■ Ap 2 > 2 (this is possible because we are now dealing with standard 
Heisenberg operators). Then (again (x^) = 0, (xf) = (xl), (pi) = 0, (p\) = 

(Pi)) 

and 

Now we can take normalizable eigenstate with arbitrary small dispersion (pf); 
however, the state with (pf) = is not normalizable. 

On the other hand we shall see that (|12a|) can be saturated for eigenvectors 
of L. 

We shall show now that any of the inequalities (|12"D can be saturated. 
Define formally 

T(6) = e^ li>2 (20) 

Then T-\&) = T\9) = T{-6) and 

x x = T(e)x 1 T\9) 
x 2 = T\e)x 2 T(6) 
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Let us remind again that Xi and pi = pi form standard Heisenberg-Weyl 
algebra. Therefore, there exist coherent \<p) states saturating 



AxiApi > 



2 - 



1,2 



(22) 



Due to (H) we conclude then that T(-9)\(f>) (T(9)\(f>)) saturates (|T2b|) (Q). 
It remains to show that the action of T(±9) on |(/>) is well defined. This is, 
however, straightforward, because the representation of the algebra (HD can 
be explicitly constructed using (0) and well known Fock-space technique. 

Finally consider the states saturating (|12a|) . Inspired by the standard 
Fock space construction and the form of the commutation rule (|la|) we define 
creation/anihilation operators 



V28 



Xi + ix 2 ) 



V26 



Xi - IX 2 ) 



or, by 
b = 









x% — 






V2h 


,7! 



— p 2 + i[x 2 + — pi 



9 ~ x V 2h 
Define the dilatation operator 




x 2 + 




S = ^([*i,Pi] 



It is simple to check that 



Xi + ix 2 



2h 



+ 



f Pi + ip2 

2h 



e 2 



ln(f)D 



or 



where 



e 2 



|ln(f )D 



V2 



a_e 2 m( $ )1J , 



ai + ia 2 ), 



(23) 



(24) 



(25) 



(26) 



(27) 



(2f 



is the anihilation operator carrying definite angular momentum. The com- 
plementary anihilation operator is 



y/2 



a\ — ia 2 ). 



(29) 
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The following prescription can be now given for constructing the states sat- 



urating ( |12a| ). We construct the general state saturating, say, AxiApx > 



and then replace a\ — > a_, a 2 — > a + ; finally, exp(| \n(-g-)D) is applied. Again, 
one can check explicitly that the whole procedure is well defined. 
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